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AAS 17-313 
RETHINKING ORTHOGONAL REACTION WHEEL 
CONFIGURATIONS FOR SMALL SATELLITES 
Jeffery T. King· and Mark Karpenkot 
Rigid-body agility is limited by the maximum torque and orientation of the reac-
tion wheels. Maximizing the inscribed sphere of the torque envelope can under-
estimate the true capability of the system because spacecraft inertia properties 
are not considered. We show that simple reorientation of the reaction wheel as-
sembly while maintaining orthogonality can increase agility while maintaining 
spherical acceleration limits. This paper utilizes the associated concept of the 
agility envelope to develop analytical equations for finding ideal reaction wheel 
orientations that provide up to 40% more capability than conventional methods. 
The equations and corresponding design curves are presented for typical small 
satellites. 
BACKGROUND 
Agility of a reaction-wheel controlled spacecraft can be defined as the maximum achievable an-
gular acceleration a body over the sphere of possible directions. Agility is limited by the maximum 
torque and the orientation of the reaction wheels. In a small satellite, volume and power are often 
driving requirements and the community is continuously attempting to do more with less. Hence, 
it is useful to revisit the standard design concepts that are routinely employed in system design to 
determine if they can be improved upon. 
Using the conventional approach, based on kinematics, the reaction wheel torque envelope and 
corresponding spacecraft inertia are determined independently in the design phase. If the accelera-
tion limit is specified, O:max, the minimum torque requirements, Tmin, can be defined based on the 
vehicle's inertia. This is done by finding the largest principal inertia, Jmax, to get 
(1) 
Equation (1) also provides a simple approach for designing attitude maneuvers, 1-6 because the 
resulting motion is intuitive and easy to understand. Depending upon the mission, the necessary atti-
tude maneuvers may be rest-to-rest (e.g. the inertial pointing of a space telescope) or non rest-to-rest 
(e.g. a planetary mapping application). In either case, torque sizing follows from the construction 
of a canonical maneuver trajectory based on a so-called bang-bang or bang-off-bang acceleration 
profile (see Figure 1). The acceleration profile is twice integrated to produce angular rate and atti-
tude trajectories that should be produced by the attitude control system. In the bang-bang maneuver, 
the spacecraft rotational acceleration is limited per the torque capabilities of the vehicle. Therefore, 
if a certain acceleration is needed to meet the prescribed maneuver performance specification this 
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translates directly to a minimum torque requirement as in (1). An additional motion constraint in 
the form of an attitude rate limit may also be needed to account for actuator momentum limits, 
in which case a bang-off-bang maneuver results. During the off period, when the acceleration is 
zero, the spacecraft coasts at the specified maximum rate. Since the maximum rate limit influences 
the overall maneuver time, meeting requirements may also drive a lower bound on the necessary 






































Figure 1: Typical Acceleration Profiles for Kinematic-Based Attitude Maneuvers: (a) Bang-Bang; (b) 
Bang-Off-Bang. 
Using the torque and angular momentum limits (analogous to acceleration and rate limits), the 
time-optimal slew time for maneuvering through an angle'¥, estimated as 
tslew = rw v~ (2) 
for an acceleration limited maneuver or as 
'¥ Wmax 
tslew = -- + -- (3) 
Wmax O'.max 
for a rate limited slew. Increasing the maximum values for acceleration and rate have the intuitive 
effect of decreasing the time to execute a maneuver. 
Reference [7] demonstrated, though the use of an agility envelope, that equations like ( l) can 
severely underestimate the true capability of an attitude control system. The dependent relationship 
between inertia, torque, and agility, when properly distilled, provides a means to extract otherwise 
hidden performance from a reaction wheel system at little to no cost. 
This paper was motivated by previous work that sought to define the largest spherical torque en-
velope for various reaction wheel configurations. We illustrate the techniques to build the torque and 
acceleration envelopes for a given spacecraft. This paper will also present a method of normalizing 
the principal inertia tensor such that performance comparisons can easily be made across different 
spacecraft. Using the concepts of the agility envelope, this paper will describe a novel approach 
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to reaction wheel array design for orthogonal three-wheel systems that can increase the agility ca-
pability over conventional kinematic approaches. Finally, we produce a set of design curves that 
can be used during initial design phase of the reaction wheel system of any spacecraft with three 
orthogonal reaction wheels. 
REACTION WHEEL TORQUE ENVELOPE 
The approach presented in [8] for determining the radius of the inscribed torque sphere is based 
on computing the maximum reaction wheel torque in the direction of the normal to each of the 
facets on the bounding polyhedron. The radius of the torque sphere (centered at the origin) for the 
facet corresponding to wheel pair 'ij' is8 
n 
Tij = Tmax L !wk. llijl 
k=l 
(4) 
where Tmax is the maximum torque* of the reaction wheel, wk is the axis of rotation for reaction 
wheel k, and ft;j is the normal to the plane created by wheels i and j. Wheels i and j do not 
contribute to the sum in equation (4) because these wheels cannot produce a torque along llij· Thus, 
Wi · ft;j = WJ • ft;j = 0 in equation (4). 
For example, with only two orthogonal reaction wheel the range of possible torque directions 
lies in the plane created by the two reaction wheel vectors as shown in Figure 2(a). The limits of 
this plane correspond to the lines when at least one wheel is saturated at maximum torque (either 
positive or negative). The vertices represent the condition when both wheels are at full capability. 
Introducing a third orthogonal reaction wheel changes the torque envelope from a plane to a cube, or 
more generally a parallelogram. The previous plane is now moved along the axis of the third wheel 
to its maximum and minimum torque position as in Figure 2(b). The vertices now represent the 
condition when all three wheels are saturated. The maximum torque available for a given direction 
is found at the intersection of the direction and the surface of the torque envelope. Interested readers 
are directed to [8], which elaborates further on this point. 
Because the torque and momentum storage capability of a reaction wheel array is generally non-
uniform across all rotational axes, a sphere is typically inscribed within the torque and momentum 
envelopes for kinematic maneuver design. Since equation ( 4) provides the net reaction wheel torque 
normal to any facet, the minimum value of Tij over all the facets gives the radius of the torque 
envelope's maximum inscribed sphere, i.e. Tmin = min{ Tij} (see Figure 3). 
i,J 
INERTIA RATIOS 
Inertia is the defining mass property of any object with respect to rotational motion and is a 
function of the size, shape, and mass of a body. The angular acceleration of a body is a function of 
both the inertia tensor and angular acceleration and in vector form becomes: 
(5) 
*In this paper, as in [8], all wheels are assumed to be identical in torque and momentum capacities. This is done for 
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Figure 2: Torque Envelopes: (a) Two Reaction Wheel Plane; (b) Cube Obtained by Adding a Third 
Orthogonal Wheel. 
where T is the torque in the body reference frame and the moments and products of inertia in the 
body frame are given by 
(6) 
Actual spacecraft are usually not perfectly symmetric and thus products of inertia will exist. 
However, the inertia tensor can always be transformed into the principal inertia tensor where the 
products of inertia are zero. The principal inertia tensor can then be described using ratios in order 
to compare different spacecraft to one another, regardless of their total mass. Scaling the inertia 
tensor by the maximum principal inertia value ensures that all values of the new inertia ratio tensor 
will be less than or equal to one. 
Consider, without loss of generality, the mass properties of any rigid-body satellite can be de-
scribed using the following inertia tensor 
(7) 
where d, p and t are the ratios of the principal inertia values and all have a value less than or equal 
to 1 with at least one ratio being exactly 1. The properties of the inertia tensor prescribe physical 




and IP- di< l 
t 
and IP- ti < l 
d 
(8) 
Because this paper considers only three orthogonal reaction wheels, the choice of which inertia 
ratio is equal to 1 is immaterial to the maximum spherical agility analysis. Rearranging the principal 




that the overall performance remains the same regardless of which ratio is set to 1. Thus, this paper 
assumes the d ratio is equal to 1. 
The torque vector in the body frame can also be defined as the torque produced by the reaction 
wheels. 
(9) 
where Ta is the vector of individual torque values for the three reaction wheels and Wis the reaction 
wheel alignment matrix, W = [w1 I w2 I w3] that defines the axis of rotation for each reaction 
wheel in the principal reference frame. 
Combining equations (5) and (9) and solving for the acceleration in the body frame yields: 
(10) 
where the 3 x 3 matrix A = J- 1 W is called an agility matrix.7 Similar to the reaction wheel 
alignment matrix, W, which maps the individual reaction wheel torques to a torque vector in three-
dimensional space, the agility matrix A maps the individual reaction wheel torques to an accel-
eration vector in three-dimensional space. However, unlike the reaction wheel torque distribution 
matrix, the columns, ai, of the agility matrix, A = [a1 I a2 I a3], are not unit-vectors. Because the 
rigid-body agility equation, a = -A Ta, has precisely the same form as the equation describing the 
reaction wheel torque mapping, an envelope describing the agility of the satellite can be constructed 
in precisely the same way as a reaction wheel torque envelope. Thus, the agility envelope is a unique 
and important way of extending the maximum torque and momentum envelopes described in [8]. 
The rigid body agility envelope9- 11 expresses the agility of a spacecraft attitude control system in 
terms of a geometric, three-dimensional solid in much the same way as the classical inertia ellip-
soid.12 The agility envelope is a simple, visual representation of the maneuverability of a rigid body 
about an arbitrary axis. 
For satellite design and maneuver implementation, the angular acceleration capability can be 
determined by finding largest inscribed sphere within the agility envelope. To this end, equation (4) 
is rewritten as 
n 
O:ij = Tmax L lak · ll;jl 
k=l 
(11) 
Thus, the radius of the agility envelope inscribed sphere is simply O:max = min { a;j}. This value 
i,J 
represents the largest spherical acceleration of the spacecraft. 
This paper expands our previous work to demonstrate that the spherical agility envelope for a 
three reaction wheel system can be enlarged while maintaining an orthogonal three-wheel config-
uration. It should also be noted that the derivations and analysis presented in this paper address 
angular acceleration and torque, however, the momentum analysis is identical when using angular 
rate, due to the relationship between reaction wheel momentum and torque. 
CONVENTIONAL DESIGN PERFORMANCE 
This paper will demonstrate the concepts presented using example small spacecraft. The pertinent 
data for the two spacecraft are included in Table 1. Conventional methods for determining the 
maximum acceleration performance using Equation (1) result in a maximum acceleration of 0.50 
rad/ 82 (2.86° / 82 ) for both spacecraft. The torque envelopes for both spacecraft are identical in shape 
and orientation but differ in size based on the higher torque of the second spacecraft. However, the 
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-
normalized ratio of maximum spherical torque to the torque produced by a single wheel is unity, 
because of the orthogonal nature of the three reaction wheels. This is shown graphically in Figure 3. 
Spacecraft 1 Spacecraft 2 
lmax(kg m2) 1.0 5.0 
Tmax(N m) 0.05 0.25 
d 1 I 
p 0.800 0.501 
t 0.400 0.501 
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Figure 3: Torque Envelope Normalized by Tmax: (a) 3D view; (b) X-Y plane; (c) X-Z plane. 
For a spacecraft that has a perfectly symmetric inertia (d = p = t = 1), the agility envelope 
is simply the torque envelope scaled by the inertia Jmax· This represents the lower bounding case 
because analysis based on the conventional approach and the approach presented in this paper lead 
to identical results. However, the inertia for most spacecraft (including spacecraft 1 and 2) are not 
symmetric and constructing the agility envelope yields insight to performance that is not evident 
from the analysis of the torque envelope alone. 
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In order to construct the agility envelope, all normal facets must be identified. These facets are 
simply the plane of any two wheels projected along the normal to that plane. Three reaction wheels 
produce three positive facets and three identical negative facets. The normal vectors to these facets, 
ft 12, ft13, and ft23 are simply the columns of W (w3, w 2, and w 1), respectively. 
Let the reaction wheel alignment matrix be defined: 
(12) 
The agility matrix for spacecraft l is 
A~[~ 0 0 r ll 0 ~] [~ 0 2Ll 0.800 0.~00 ~ 1 1.250 0 0 0 (13) 
and for spacecraft 2 is 
[0.200 0 otl A= 0 0.399 0 0 (14) 
The a;j, in rad/s, for spacecraft 1 can now be calculated as 
n12 = 0.0625 Oc13 = 0.125 Oc23 = 0.05 (15) 
giving 
min{ a;J} = a23 = 0.05 rad/s (16) 
',] 
The largest spherical acceleration (identical for both spacecraft) has the same value as Equa-
tion (I). However, there is additional agility in the other two axes that is lost because a 23 is the 
limiting axis. This can be seen graphically by plotting the facets in the agility envelope as shown 
in Figures 4 and 5. In order to compare different agility envelopes against each other, they are 
normalized by the conventional spherical acceleration from Equation (1). 
(17) 
Maximizing the inscribed sphere of the torque envelope alone does not, in general, maximize 
agility.7• 13 An attitude control system designed to maximize the torque sphere may not be capable 
of exploiting the full capability of the spacecraft agility. However, re-orienting the torque envelope 
may provide additional capability to the system, by better balancing the torque capability against 
inertia. The fact that the torque envelope is not actually spherical (see Figure 3) can be exploited to 































Figure 4: Agility Envelope for Spacecraft 1: (a) 3D view; (b) X-Y plane; (c) Y-Z plane. 
ROTATING THE REACTION WHEEL ASSEMBLY 
Most small satellites with three reaction wheels use the typical orientation with all three wheels 
orthogonal to each other. This provides uniform control authority in all directions, thus delivering 
the maximum spherical torque capability. Since torque and inertia are often not considered simul-
taneously, the orientation of the reaction wheel assembly within the spacecraft becomes a matter of 
convenience rather than design. The most common orientation for three reaction wheels is aligned 
with the spacecraft body or principal axes. This configuration yields a W equal to the identity ma-
trix since each reaction wheel is aligned with a principal axis as in (12). While the spherical torque 
capability of the system does not change with orientation, the agility may because it depends on the 























Figure 5: Agility Envelope for Spacecraft 2: (a) 3D view; (b) X-Y plane; (c) Y-Z plane. 
Let the reaction wheel alignment matrix now be re-defined: 
[
1 o ol W = McP O 1 0 
0 0 1 
(18) 
where M cP is the direction cosine matrix that transforms a vector from the principal (or body) 
frame to the frame corresponding to maximum agility. Let the direction cosine matrix be defined by 
successive rotations 0, cp about x and y such that 
[ 
cos(0) 
McP = sin(0)sin(cp) 
- sin( 0) cos( cp) 
New Agility Envelopes 
0 sin( 0) l 
cos(¢) sin(¢) 
- cos(0) sin(¢) cos(0) cos(¢) 
(19) 
An agility envelope can now be constructed with the new W matrix representing the rotated 
reaction wheel array. These are shown in Figures 6 - 7 for the case when 0 and ¢ have been selected 


























Figure 6: Agility Envelope for Spacecraft 1 With Rotated Reaction Wheels (0 = 43.6°, ¢ = 45°): (a) 
3D view; (b) X-Y plane; (c) Y-Z plane; (d) X-Z plane. 
The new maximum spherical radius is illustrated as a cross-section of the agility envelope in 
Figure 8. The original spherical envelope based on Equation (]) is shown in blue for comparison. 
For spacecraft 1, the new radius is 29.1 % larger than the blue radius with the limiting axis shown as 
a black solid line. For spacecraft 2, the new radius is 41.3% larger than the conventional radius. 
Limiting Axis and Optimal Angles 
The concept of the agility envelope is now used to develop analytical equations for finding the 
ideal reaction-wheel configurations that maximize agility. These equations, along with the corre-
sponding design curves, can be used in lieu of the conventional design equations for sizing new 
attitude control systems in order to minimize design conservatism and maximize performance. 
Combining equations (] 0) - (11) and (17) - (18) the normalized radius for each of the three normal 
facets can be defined as functions of the rotation angles (0, ¢ ). 
1 
r12 = ----;=============== 
Jcos2 (¢)(sin2 (0) + t2 cos2 (0) - p 2 ) + p2 
(20) 
1 
r13 = ----;=============== 
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Figure 7: Agility Envelope for Spacecraft 2 With Rotated Reaction Wheels (0 = 54. 7°, cp = 45°): (a) 
3D view; (b) X-Y plane; (c) Y-Z plane; (d) X-Z plane. 
2 2 ·, 











·2 -1 0 2 -2 -1 0 2 
r, r, 
(a) (b) 
Figure 8: Cross-Section View Showing the Maximum Spherical Radius With Rotated Reaction 
Wheels: (a) Spacecraft 1 (0 = 43.6°); (b) Spacecraft 2 (0 = 54.7°). 
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1 
r23 = ------;===:=====::::;;: 
Jcos2(0)(1 - t2) + t2 
(22) 
There are seven possibilities that provide the largest overall radius and thus limit the spherical 
acceleration envelope. The first three occur when there is a single limiting axis. To find the optimal 
angles for a single limiting facet, the partial derivative of the radius with respect to the angle in 
question is set to zero. Because r23 is a function of only one angle, maximizing (22) yields 0 = goo 
There are three potential cases for the remaining angle ¢. 
45° when r12 = r13 
¢= cos-
1 (~) l-p2 when r12 = r23 (23) 
. -1(~) Sill l-p2 when r13 = r23 
Because the secondary liming axis is the next smallest radius it must be determined when r 12 ( ¢ = 
45°) is less than r 12 and r 13 when using the¢ defined in either of the last two cases of equation (23). 
This is occurs when 
1 
t2 2: 2(1 + p2) (24) 
Thus, r23 is the single limiting facet for all p and t ratios that satisfy (24) with¢= 45°. 
Assuming the singular limiting axis is r 12 or r 13 yields ¢ = 0° or go0 respectively. However, the 
only difference between the functions for r 12 and r 13 is in terms of sine or cosine of ¢. Because 
of the unique relationship of sine and cosine, maximizing one minimizes the other and causes it to 
be the new limiting radius. The maximum spherical radius occurs when both are simultaneously 
maximized and equal to each other. Thus, r 12 and r 13 are never the single limiting facet in an 
optimal design. 
The next set of possibilities are when two of the three axes are equal and limiting. When r 12 = 
r13, then sin2(¢) = cos2(¢) and the only solution becomes¢ = 45°. The angle 0 is found by 
setting r23 equal to the other two facets with¢= 45° because any increase in r 23 beyond this value 
cannot be used by the spherical control system. This yields 
0 = cos-1 (✓2t2 - p2 - 1) 
3t2 - 3 
(25) 
The remaining two pairs are not unique due to the relationship between r 12 and r 13 . Since in-
creasing one decreases the other, the optimal solution is identical to the case where r 12 = r13 . 
The final possibility is when all three facets are of equal radius, but this condition has already been 
discussed as a result of setting r 12 = r13. 
In summary, the two distinct zones that define the maximum spherical radius when rotating the 





t2 ~ ½(1 + p2) 
Zone2 
t2 < ½(1 + p2) 
all three 
45° 
0 900 cos-1 (✓2t2-p2-1) 
3t2-3 
Table 2: Defining Optimal Spherical Agility Envelope Parameters 
RESULTS AND DESIGN CURVES 
Results of implementing a simple reorientation of the reaction wheels to maximize agility are 
shown in Figure 9 with the limit due to the triangle inequalities shown as a black dashed line. The 
mapping of percentage improvement in spacecraft agility over the estimate provided by the spherical 
torque design (Equation (1)) is shown as a function of the inertia ratios. Figure 9, demonstrates the 
opportunity for agility improvement may be up to 41 %, depending on the p and t inertia ratios of 
the small satellite. The angle 0 that achieves this optimal agility orientation is shown in Figure 10 
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Figure 9: Percent Improvement of Agility; for Given p and t Inertia Ratios by Rotating Reaction 
Wheels. 
From the relationships given in Table 2, generic curves can be created for use in initial design 
analysis and trade studies. Figures 9 - 10 can be distilled into a set of design curves for various values 
of inertia ratios, p and t. Figure 11 is the design curve to determine the amount of agility increase 
that is possible with a simple reorientation of the orthogonal set of reaction wheels. Figure 12 shows 
how much rotation is needed to achieve the increased agility. The curves adhere to the triangle 
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Figure 12: Percent Improvement in Agility for Given p and t Ratios at Optimal Angles. 
As an example of how these curves should be used, recall that spacecraft 1 inertia ratios [d, p, t] 
are [1.0, 0.8, 0.4]. In the design curves the t = 0.4 line is colored red for ease of identification. The 
intersection of this line and the p = 0.8 value, in Figure 11, occurs at 0 = 43.6°. The correct value 
for spacecraft 2, 0 = 54. 7°, is also shown at the proper location near the t = 0.5 line. Figure 12 
shows the percent increase in agility that can be expected when using these orientation angles for 
spacecraft 1 and 2. Figure 13 shows slew time as a function of slew angle for spacecraft 1 and 2 
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Figure 13: Representative Slew Times for Example Maximum Accelerations. 
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CONCLUSION 
This paper has shown that aligning an array of three orthogonal reaction wheels with the principle 
axes of a small satellite can limit the slew capability of the vehicle. This is because the spacecraft 
inertia tensor is not considered when configuring the array. In order to regain this otherwise lost per-
formance, the orthogonal wheel set can be reoriented to better balance the available torque capability 
against the mass properties of a given small satellite. The ideal orientation can be determined by 
constructing the satellite agility envelope and analyzing its properties. Design curves are presented 
that may be used to determine the ideal orientation of a three wheel orthogonal array as a function 
of the vehicle inertia tensor. It is shown that, depending on the mass properties of the vehicle, an 
improvement in slew capability (viz. acceleration) up to 40% can be realized simply by reorienting 
the array. In an environment where attitude control engineers are continually tasked to do more with 
less, the new results presented in this paper can be used to help rethink how reaction wheel control 
systems for small satellites can be configured to enhance attitude control performance. 
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